Abstract. We consider surfaces in R 3 of type S 2 which minimize the Willmore functional with prescribed isoperimetric ratio. In [21] Schygulla proved the existence of smooth minimizers. In the singular limit when the isoperimetric ratio converges to zero, he showed convergence to a double round sphere in the sense of varifolds. Here we give a full blowup analysis of this limit, showing that the two spheres are connected by a catenoidal neck. Besides its geometric interest, the problem was studied as a simplified model in the theory of cell membranes, see e.g. [2] .
Introduction
The isoperimetric ratio of a smooth embedding f : S 2 → R 3 is defined as
The area µ(f ) and enclosed volume V(f ) are given by (1.2) µ(f ) =
S 2
Jf dµ S 2 and V(f ) = 1 3 S 2 f, n dµ f , where n : S 2 → S 2 is the exterior unit normal. The normalization is chosen such that σ(S 2 ) = 1. It is an interesting geometric problem to find natural representatives among surfaces with prescribed isoperimetric ratio σ ∈ (0, 1). In [21] Schygulla introduced a variational approach by minimizing the Willmore energy
He proved that the infimum among topological spheres is attained by a smooth minimizer, for any prescribed isoperimetric ratio σ ∈ (0, 1]. An existence result for higher genus surfaces was proved more recently by Keller, Mondino and Rivière, assuming that the infimum of the energy satisfies certain inequalities [10] . In any case minimizers solve the Euler Lagrange equation
H .
Here the left hand side is the Euler Lagrange operator of the Willmore energy, and the right hand side is the Euler Lagrange operator of the isoperimetric ratio. By Alexandrov's theorem the isoperimetric constraint is nondegenerate and hence the Lagrange multipier Λ ∈ R is well-defined, with the only exception of round spheres.
In his paper [21] Schygulla also studies sequences of minimizers with isoperimetric ratio converging to zero. He shows that up to translations and dilations, the sequence converges in the varifold sense to a round sphere of multiplicity two [21, Thm. 2] . In the present paper we study this singular limit more precisely, and obtain the following asymptotic results. Here we denote by N, S the north and south pole of S 2 and by π N , π S the stereographic projections from the poles. Theorem 1.1. Let f k : S 2 → R 3 be conformally parametrized W-minimizers for prescribed isoperimetric ratio σ(f k ) = σ k → 0. After conformal reparametrization, scaling and translating, and passing to a subsequence, the following hold:
(1) µ(f k ) = 1, (2) f k converges locally smoothly on S 2 \{N} to a conformal immersion f 0 : S 2 → R S (t k z) converges locally smoothly on R 2 \{0} to a conformally parametrized catenoid f 2 : R 2 \{0} → R 3 , with the origin and the center of S on the symmetry axis.
(6) We have the energy identity lim k→+∞
We have lim k→∞ log t k : log λ k : log r k = (1 : 1 : 2), and lim k→∞ Λ k /λ k exists.
The geometric problem we adress here is partially motivated by a model for cell membranes due to Helfrich [7] . In the case of topological spheres the Helfrich energy becomes
where κ, κ G and C 0 are constants. The Helfrich energy essentially reduces to the Willmore energy when the spontaneous curvature C 0 is zero. Although this simplified case may not correspond to real membranes, it was studied by several authors. In the axially symmetric case the minimizers are described by ordinary differential equations which were studied by numerical approximations, see e.g. [3, 17, 2] . In particular Berndl, Lipowsky and Seifert [2] distinguished three kinds of shapes depending on the isoperimetric ratio σ, which they call the reduced volume: the prolate-dumbbell, the oblate-discocyte and the stomatocyte type. The stomatocyte parameter range is indicated as 0 < σ ≤ 0.591, and it is noted that a neck develops as σ → 0. Here we provide a rigorous analysis for this neck formation, without assuming axial symmetry.
Bubble Limits of Minimizers
Let Σ be a Riemann surface. We denote by W 2,2
loc (Σ, R 3 ), such that in any conformal chart the metric has the form g ij = e 2u δ ij where u ∈ L ∞ loc [11] . More generally, a branched conformal immersion on Σ is a map f ∈ W 2,2 conf (Σ\S, R 3 ) where S is finite and
Any branched conformal immersion is in W 2,2 loc (Σ, R 3 ). At each p ∈ Σ the map has multiplicity m p ∈ N 0 and behaves like z mp in a weak sense.
In this section we summarize results from [4] about the convergence of a sequence f k : S 2 → R 3 of (branched) conformal immersions with bounded Willmore energy and area. We first recall the notion of a bubble: a sequence z k ∈ C, r k > 0, with z k → 0 and r k → 0 is called a bubble of f k at p ∈ S 2 , if the following holds: in some local conformal coordinates with p corresponding to z = 0 the sequencef k (z) = f k (z k + r k z) converges locally W 2,2 -weakly on C, away from finitely many points, to a nonconstant map f : C → R 3 . It follows that when composed with stereographic projection, the blowup limit f is a branched conformal immersion from S 2 to R 3 with finite area and finite Willmore energy. This notion of a bubble is clearly independent of the coordinates. Two bubbles (z i k , r i k ), i = 1, 2, are different if they concentrate at different points p i ∈ S 2 , or if their scales are different in the sense that r
To construct a limit of the sequence f k we first observe the diameter of f k (S 2 ) is bounded. In the case when f k is a smooth immersion, the diameter estimate was proved by Simon [20] using a monotonicity formula. For a W 2,2 -conformal immersion one can approximate by smooth immersions to get the result. If the f k are merely branched conformal immersions one considers the image 2-varifold as in [14] . Now after translating we can assume
Together with the Willmore energy bound, this shows that f k belongs to the class
Passing to a subsequence, we can also arrange that
Depending on a constant ε 0 > 0, which will be chosen appropriately, the finite concentration set is defined by 
be minimizers for the Willmore energy with prescribed isoperimetric ratio σ k = σ(f k ) → 0. After composing with suitable Möbius transformations, the following holds:
where S is a round sphere of area 1/2 passing through the origin. (b) f k has a bubble f 1 : C → S which extends to a conformal equivalence f 1 :Ĉ → S with orientation opposite to f 0 .
Moreover, f k has no further bubbles.
Proof. In [21] Schygulla proved that up to translations f k (S 2 ) → 2 S as varifolds, where S is as stated. The monotonicity formula in [20] implies that the convergence is also in Hausdorff distance. We claim that when applying Lemma 2.1, the map f 0 can be assumed nonconstant. Otherwise by (2.2) there is at least one bubble f 1 : S 2 → R 3 , having area µ(f 1 ) > 0. Up to rotation, the bubble concentrates at the north pole, which means
-weakly locally in R 2 , away from a finite set.
The maps π 
Thus we obtained a nonconstant limit
So f 0 : S 2 → S is weakly harmonic, and hence smooth by standard regularity theory [9, Thm. 2.5.1]. Orienting S 2 and S by their exterior normals, we conclude that
by conformality. But the volume functional is continuous under W 1,2 -convergence of uniformly bounded maps, and so V(f 0 ) = lim k→∞ V(f k ) = 0, a contradiction. Thus we have d = 1 and f 0 : S 2 → S is a conformal automorphism. Now by (2.1) there exists a bubble f 1 : S 2 → S. The argument above shows that this is again a conformal equivalence. Now for any collection of different bubbles we have the lower semicontinuity
Since µ(f 0 ) + µ(f 1 ) = 1, a further bubble would have zero area and again be conformal, hence constant. This is ruled out by the definition of bubble.
To show that f 0 and f 1 are oppositely oriented, we compute with ω = 1 3
The error term is estimated by
Letting k → ∞ we obtain using lim k→∞ V(f k ) = 0
Letting ̺ → 0 proves our claim. ✷
Estimates for Critical Points with Prescribed Isoperimetric Ratio
The first variation of the Willmore energy at f : Σ → R 3 in direction φ is given by
Writing H = H n and φ = ϕ n, we get by partial integration for φ having compact support
The first variation of the isoperimetric ratio is
The Euler Lagrange operators, i.e. the L 2 gradients, of the functionals are thus
For λ > 0 we have the scaling ∇W(λf ) = λ −3 ∇W(f ) and also ∇σ(λf ) = λ −3 ∇σ(f ).
Note that H = H n with n the exterior normal implies H = −2 for S 2 .
Lemma 3.1. Let f : S 2 → R 3 be a smoothly embedded Willmore minimizer with prescribed isoperimetric ratio σ(f ) ∈ (0, 1). Then
Proof. Assume that δσ(f ) is identically zero. Then
By Alexandrov's or by Hopf's theorem, f parametrizes a round sphere which contradicts the assumption σ(f ) < 1. Thus δσ(f )φ = 0 for some φ, and the claim follows by the Lagrange multiplier rule. ✷ Scaling to µ(f ) = 1 yields σ = 6 √ π V(f ), and equation (3.6) becomes
For f : D → R 3 conformal the first variation formula as given in [19] is
The Euler Lagrange equation (3.6), scaled to µ(f ) = 1, has the form
By the results in Appendix 1 estimates for |∇ m f | follow once the boundedness of the Lagrange multiplier Λ is established.
Let g k = e 2u k δ be the induced metrics, and assume
Then the sequence Λ k is bounded.
Proof. The first variation of the Willmore energy is estimated using (3.1) and (3.12) by
On the right hand side of the equation, we first note using (3.12)
. After passing to a subsequence, we have
For suitable φ the right hand side is nonzero. The bound for Λ k follows. ✷
Remark. In the case σ k → σ > 0 the argument is modified as follows. We have
Thus one gets a bound for Λ k unless f satisfies the equation
i.e. f is a conformally parametrized with constant mean curvature H f = ±4 √ π/σ.
Construction of the Catenoid Neck
Let f k : S 2 → R 3 be the sequence of minimizers for σ(f k ) = σ k → 0 from Lemma 2.2. Thus f k → f 0 weakly in W 2,2 away from the north pole, and f k has a bubble f 1 concentrating at the north pole. The maps f 0 , f 1 : S 2 → S are conformal diffeomorphisms, with opposite orientations. In particular
On the other hand we know that W(f k ) → 8π and
In the following we study f k near the north pole using the conformal coordinates given by the projection π S . For convenience we denote
locally smoothly on C up to a finite set, according to Lemma 2.2. By rotating we can arrange that z k = 0, which means
Now by lower semicontinuity of the Willmore energy, we have 
To find the neck we fix some number δ > 0 and chose t k ∈ [
Then
This implies that also t k → 0: if we had t k → r > 0 for a subsequence, then we would get
Similarly t k /r k → ∞, because if t k /r k → R < ∞ for a subsequence then
Now we introduce the rescalings
After passing to a subsequence, we have convergence of the measures
We show that α 2 k do not concentrate away from the origin. Assume by contradiction that ε 1 = α({p}) > 0 for some p ∈ C\{0}. We chose R > 0 such that α(D R (p)\{p}) < ε 1 /2, and define r
As α({p}) = ε 1 we have r
be a point where the infimum is attained. Then z k → p, and we have
We rescale the sequence again, by putting
We compute
The last step used the diameter estimate in [20] , given the Willmore energy bound and the area bound for f k . Now by local curvature estimates, see Lemma 6.1, and the convergence as in Theorem 7.1, we obtain
locally smoothly in C.
We conclude that f 3 : C → R 3 is a complete minimal embedding with total Gauß curvature at least −4π. By the known classification of minimal immersions f 3 is either an Enneper surface or a plane. But the Enneper is not embedded, and the plane is also ruled out because
This contradiction shows that the sequence f 2 k : C → R 3 has no curvature concentrations away from the origin. Now by the small energy estimates, see Lemma 6.1 or [19] , we conclude that f
locally smoothly on C.
By the normalization diam f 2 k (∂D) = 1 we have that f 2 is nonconstant, hence it is a complete minimal embedding. Moreover we have again
We also know that diam f 2 (∂D t ) ≥ 1 for all t > 0, and hence f 2 must have ends at zero and infinity. Altogether this implies that f 2 parametrizes a catenoid, and we have the energy identity
The convergence of the sequence f k is subsumed as follows:
, and f 0 (0) = 0 is arranged by initial translation.
Asymptotics of the limit
We finally analyse the asymptotics of the sequence f k . Our first goal is as follows.
Lemma 5.1. The parameters t k , λ k and r k satisfy lim k→∞ (log t k : log λ k : log r k ) = (1 : 1 : 2).
Proof. We again consider f k : C → R 3 using the chart π −1 S : C → S 2 \{S}. The induced metric (g k ) ij = e 2u k δ ij satisfies the Liouville equation
Thus for any ̺ ∈ [ t k δ , δ], we can estimate recalling our description of convergence
This implies for k ≥ k(ε, δ)
Now we have
where u(r, θ) is the conformal factor of the smooth equivalence f 0 : S 2 → S. We compute using the divergence theorem
Thus δ|(u * ) ′ (δ)| < ε for δ > 0 sufficiently small, and we obtain
Integration yields
Using again u * k (δ) → u * (δ) we finally get for all r ∈ [
Next, we prove that there exists a solution to the equation
satisfying the estimates
Since u k,r − ω k,r is harmonic, we have the estimate
for any q ∈ (0, 2). Now let f : S 2 → R 3 be a conformal immersion with induced metric g = e 2u g S 2 , where g S 2 is the round metric normalized to µ g S 2 (S 2 ) = 1. By Liouville we have
Applying (5.2) we see that
By a covering argument, we get osc
We now come to comparing t k with λ k . We know that
smoothly, hence we have for k sufficiently large 2 sup
. Hence, we get
Letting first k → ∞ and then ε → 0, we get
To estimate r k we considerf
Puttingt k = r k /t k we further obtaiñ
Using the arguments from above, we get
✷ Now we address the asymptotics of the multipliers Λ k . For a conformal immersion we have in local coordinates the first variation formulae, see (3.9),
The scaling is
For simpilicity we assume 0 / ∈ f 2 (C \ {0}). Put I(y) = y |y| 2 and I k (y) = I(
From the previous section, we compute using the assumption f k (t k ) = 0
We need to compute the equation satisfied by the maps
Then we have
Obviously,
We have
we have
.
By a direct calculation, on S 2 \D δ , we have
Let y 0 be the center of f 1 , which is nonzero because 0 ∈ f 1 (S 2 ), and R = 1 √ 8π
. Then
where we used that
n f 0 = 0 and
Hence finally (5.4)
It is well-known that ∂D 1 Q[I(f 2 )], ∂ r is a nonzero vector parallel to the symmetry axis of f 2 (cf [15] or [1] ).
Appendix1
In this appendix, we use results from [13] to derive estimates for the equation
We start with higher order estimates when the curvature is not concentrated.
Lemma 6.1. Let f : Σ → R 3 be a properly immersed surface which satisfies (6.1) for |a| + |b| < λ. Let Σ 1 = f −1 (B 1 (x 0 )) ⊂⊂ Σ, and assume that
Proof. Applying Theorem 2.10 in [13] yields
where we used the quadratic area growth [20] . In particular
2 (x 0 ) has finite preimage {y 1 , . . . , y m }. By Langer's theorem [16] , for each α ≤ 1 there is a constant r > 0 such that f is an (r, α)-immersion on Σ3 4 . This means that on suitable neighborhoods U i of y i , the f | U i are graphs over P i ∩ B r (x), where P i = im Df (y i ) are the tangent planes, with graph functions u i satisfying
It follows that the metric g λµ satisfies in graph coordinates
For f (x, y) = (x, y, u(x, y)) we now have the equations
From (6.2) and (6.6) we know that ∇ 2 u is bounded, and so is ∇g λµ by (6.3). Therefore we can apply L p -theory to (6.4), see Theorem 9.11 in [5] , to show H ∈ W 2,p locally for any p < ∞. The right hand side of (6.5) then belongs to C 1,α for any α < 1, and the coefficients of the equation are also in C 1,α . Schauder estimates give u ∈ C 3,α , which in turn yields g ∈ C 2,α and A ∈ C 1,α . Returning to (6.4) improves to H ∈ C 3,α . The lemma follows by iterating Schauder estimates. ✷
The next lemma shows a relation between a conformal map and an extrinsic estimate.
Let C δ (f ) be the component of f −1 (B δ (0)) containing the origin. Then for any r > 0 there exists δ = δ(τ, β, r) > 0 such that
Likewise, for any δ > 0 there exists ρ = ρ(τ, β, δ) > 0 such that
Proof. If the first statement fails then we can find δ k → 0 and f k ∈ C ∞ (D, R 3 ) with (6.7), where f k (0) = 0 and g f k = e 2u k g euc , such that there exist
By results in [6] and [11] , f k converges to some f ∈ W If the second claim was not true, then there exist points
satisfies f k (0) = 0 and (6.7). Now we have either |f (z k )| ≥ δ, or z k is in another component of f −1 (B δ (0)). In the second we can find λ k ∈ (0, 1) such that
As above the sequence converges to a W 2,2 conformal immersion f :
which is again a contradiction. ✷
Applying the above lemma, we obtain the following:
be a conformal immersion with metric g f = e 2u g euc , which satisfies (6.1) with |a| + |b| ≤ α. We assume |u| ≤ β. There exists a constant ǫ 0 > 0, such that if D |A| 2 dµ f < ǫ 0 , then for any r < 1 and m > 0 and m > 0
The proof uses a priori estimates similar to Lemma 6.1 and is omitted.
Appendix2
Theorem 7.
Take a curve γ : [0, 1] → D, and set λ k = diam f k (γ). Then we can find a subsequence of
we can find an inverse I = y−y 0 |y−y 0 | 2 with y 0 / ∈ f 0 (D) such that
. We have two cases: [20] with ρ = ∞,
≤ C for any σ > 0. Hence we get µ(f 
we get ∇f ′ k W 1,2 (Dr) < C. We complete the proof. ✷
